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Coherent continuous wave (CW) terahertz spectroscopy is an extremely valuable technique that al-
lows for the interrogation of systems that exhibit narrow resonances in the terahertz (THz) frequency
range, such as high-quality (high-Q) THz whispering-gallery mode resonators. Unfortunately, com-
mon implementations are dramatically impaired by deficiencies in the used data analysis schemes.
Here, we show that the physics of the problem presents an elegant solution whose full potential has
remained overlooked until now. We argue that, thanks to the causality of physical systems, Hilbert
transformation can be used to analyze the frequency response of linear systems with arbitrarily
narrow resonance features in coherent CW THz spectroscopy. In particular, by establishing that
signals encountered in typical experiments are closely related to analytic signals, we demonstrate
that Hilbert transformation is applicable even when the envelope varies rapidly compared to the
oscillation period.
Hilbert transformation provides a compelling tool to
retrieve the instantaneous amplitude (envelope) and
phase of an oscillating signal [1]. However, common wis-
dom asserts that the transformation is only applicable
to signals with a slowly varying envelope compared to
the oscillation period [2]. The prerequisite of a slowly
varying envelope thus seemingly precludes the desirable
application of the Hilbert transformation to generic nar-
row resonant features modulated on an oscillating sig-
nal. Such applications arise, for example, in coherent
CW THz spectroscopy of gases or artificial high-Q struc-
tures [3–5].
Coherent CW THz spectroscopy is an extremely pow-
erful technique that can yield a wealth of information
hidden from traditional methods, and has revolutionized
fields like sensing and material characterization [6–15]. In
particular, CW THz spectroscopy – as opposed to time-
domain THz spectroscopy – provides the advantage of
compact, cost effective systems with superior frequency
resolution [16]. The signal measured by these systems is
a photocurrent that exhibits sinusoidal oscillation with
frequency: the desired spectral information is extracted
by numerically retrieving the envelope and phase of the
signal. Traditionally, this has been achieved by cumber-
somely inspecting the extrema of the oscillating signal,
leading to an effective frequency resolution that is usually
one or two orders of magnitude lower than the actual fre-
quency step size of the acquired signal [17]. Recent works
have shown that this issue – which is severely impacting
the capabilities of CW THz spectroscopy – can be over-
come by taking advantage of the Hilbert transformation
[2, 17, 18]. However, in compliance with common wis-
dom, it has been pointed out that Hilbert transformation
is limited to CW THz spectroscopy of systems with broad
resonance features compared to the oscillation period of
the measured signal [2].
In this Letter, we show that this presumed limitation
is in fact incorrect, and we establish for the first time a
universal, comprehensive foundation for the applicability
of Hilbert transformation for CW THz spectroscopy. Our
analysis reveals that the coherent signal interrogated in
the frequency domain experiments is analytic, i.e. its real
and complex parts are related via Hilbert transformation.
Consequently, applying the Hilbert transformation to the
measured signal, which is directly proportional to the real
part of the analytic signal, provides the complete infor-
mation about the frequency response of the investigated
system. We experimentally and numerically demonstrate
this concept for three THz systems where narrow res-
onances manifest themselves: whispering-gallery mode
resonators (WGMRs), a photonic crystal cavity waveg-
uide (PCCW) [19–21], and a planar split-ring resonator
(SRR) metamaterial [22–25]. For each of these systems
– which correspond to active research areas in their own
right – we show that the Hilbert transformation allows for
the analysis of resonance features regardless of whether
they vary slowly with respect to the oscillating signal or
not. We expect our findings to significantly enhance the
capabilities of CW THz spectroscopy.
We consider a situation where a THz field Ein(t) inter-
acts with a linear system described by a time response
function S(t). The output field is given in the frequency
domain by the expression:
E˜out(ω) = S˜(ω)E˜in(ω), (1)
where E˜out(ω) = F [Eout(t)] is the Fourier transform of
Eout(t) (similar notation applies to the other two vari-
ables).
For physical systems, the time response Eout(t) is
causal. Accordingly, the frequency response E˜out(ω) is
an analytic signal [26]. This implies that the real and
imaginary parts of E˜out(ω) are linked via the Hilbert
transformation H [27]:
E˜out(ω) = Re[E˜out(ω)] + iH{Re[E˜out(ω)]}. (2)
In typical coherent CW THz spectroscopy experi-
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2ments, one detects a photocurrent that is directly propor-
tional to the real part of the frequency response E˜out(ω).
From Eq. (2), it is evident that applying the Hilbert
transformation to the photocurrent allows to retrieve
the unimpaired complex frequency response of the sys-
tem under study. Assuming the input THz field E˜in(ω)
is known, Eq. (1) then yields the complete frequency-
domain response function S˜(ω), which contains all the
spectroscopic information of the system. As all phys-
ical systems are causal, these arguments hold regard-
less of the specific form of the transfer function S˜(ω)
or E˜in(ω). Consequently, Hilbert transformation can be
used to characterize the frequency response of any phys-
ical linear system with coherent CW spectroscopy, espe-
cially for the desirable case of resonance features arbi-
trarily narrow compared to the oscillation period of the
interrogated signal.
To exemplify the strength of the Hilbert transforma-
tion approach, we next consider three illustrative exam-
ples. First, we focus on THz WGMRs, which show un-
precedented Q-factors and provide exciting opportunities
for the THz frequency range [4, 28–31]. Here the THz
field Ein(t) is coupled into a WGMR using the evanes-
cent field of a single-mode waveguide. The frequency
response of this system is known, and it can be written
as [32]:
E˜out(ω) =
[
1− 2δc
δ0 + δc − i(ω − ω0)
]
E˜in(ω), (3)
where δ0 and δc are the intrinsic loss rate and the cou-
pling rate, respectively, and ω0 = 2pif0 is the (angular)
resonance frequency. Like for all CW THz spectroscopy
experiments, E˜in(ω) reads:
E˜in(ω) = E0e
i∆Lc ω. (4)
Here, c is the speed of light, E0 is the THz field ampli-
tude, and ∆L is the optical path difference between the
emitter and detector arms of the spectrometer including
the THz path [33].
We consider a critically-coupled WGMR similar to the
experiments that will follow, with f0 = 618.147 GHz and
a Q-factor of 1.5 × 104 (δ0 = δc = 65 MHz). The ana-
lytical photocurrent [real part of Eq. (3)] shown in Fig.
1(a) is an oscillating function with ω, onto which the reso-
nance feature is imprinted. Because common wisdom has
it that Hilbert transformation is only applicable to oscil-
lating signals with a slowly varying envelope compared
to the underlying period, one might expect that Hilbert
transformation is only valid if the photocurrent oscillates
much faster than the width of the resonance feature [2].
This is incorrect: because the measured photocurrent is
the real part of an analytical signal, applying the Hilbert
transformation allows to retrieve the full spectroscopic
information.
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FIG. 1. (a) Real part of Eq. (3). (b) Envelope of the time re-
sponse. (c) Comparison of |S˜(ω)| retrieved from the analytical
model (cf. Eq. (3), red solid line) and Hilbert transformation
(black circles). (d) Comparison similar as in (c) but for the
phase of the frequency response function.
The fact that the photocurrent is the real part of
an analytical signal can be readily verified by estab-
lishing the causality of the corresponding time response
Eout(t) = F−1{E˜out(ω)}, which is explicitly given by:
Eout(τ) =
√
2pi
[
δ(τ)− 2δce−τ(δc+δo)Θ(τ)
]
e−iω0t. (5)
Here, δ(τ) is the Dirac delta function, Θ(τ) is the Heavi-
side step function, and τ = t−tc with tc = ∆L/c. A typi-
cal time response is visualized in Fig. 1(b), where we plot
|Eout(τ)| for our resonator parameters (Dirac impulse re-
moved for clarity). Equation (5) is also commonly known
as the ring-down signal of the WGM [34].
In Figs. 1(c) and (d), we respectively compare the
envelopes and phases of S˜(ω) obtained from the analyt-
ical model based on Eq. (3) and the Hilbert transfor-
mation applied to the photocurrent. As expected, the
calculated envelopes and phases are identical, highlight-
ing how the Hilbert transformation approach indeed al-
lows for the full reconstruction of the system’s frequency
response. We must emphasize that the amplitude full-
width half-maximum (FWHM) of the WGM (24 MHz)
is about ten times smaller compared to the 250 MHz os-
cillation period of the photocurrent, underlining the fact
that Hilbert transformation can readily be used to ana-
lyze THz WGMs much narrower compared to the oscil-
lation period.
For further demonstration, Fig. 2(a) shows the real
part of Eq. (3) (blue solid line) for the same THz WGM
at critical coupling but with a 100 times larger oscilla-
tion period (25 GHz). The ratio of the corresponding en-
velopes calculated with the Hilbert transformation and
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FIG. 2. (a) Real part of Eq. (3) for the THz WGM shown
in Fig. 1, but with a 100 times larger oscillation period of
the photocurrent. (b) Ratio of the envelopes calculated with
Hilbert transformation and the analytical model.
from the analytical model is unity [see Fig. 2(b)]. The
amplitude FWHM of the resonance is more than a thou-
sand times smaller compared to the photocurrent oscil-
lation period, yet the Hilbert transformation allows for
the full recovery of the frequency response. Of course,
numerically the Hilbert transformation works best when
a sufficiently large integer number of oscillations of the
photocurrent are analyzed.
We now show that the Hilbert transformation ap-
proach can be applied to experimental data. The sys-
tem under study is a spherical WGMR with a diameter
of 4 mm made of high-resistivity float-zone grown sili-
con (HRFZ-Si) [29]. The THz WGMs are excited using
the evanescent field of a single-mode air-silica step in-
dex waveguide. The measurements are performed with a
standard CW THz spectroscopy setup based on hetero-
dyne detection (Toptica TeraScan 1550 nm) [35]. The
experimental setup is described in detail in a previous
publication [4].
The measured photocurrent is shown in Fig. 3(a) in
the frequency range from 617.5 GHz to 618.5 GHz with
black dots. The red solid line shows the fit of the real
part of Eq. (3) to the experimental data. Similar to the
numerical example above, we apply the Hilbert trans-
formation on the experimentally measured photocurrent
to reconstruct the analytic signal E˜out(ω). From this,
we can fully reconstruct the frequency response function
S˜(ω) of the system. In Figs. 3(b) and 3(c), we compare
the envelope and phase of the frequency response func-
tion with corresponding profiles obtained from a fit of
the experimental data on the real part of Eq. (3). The
agreement is excellent, revealing the amplitude linewidth
of the WGM to be 25 MHz. Figure 3(d) shows corre-
sponding comparison of the time response (obtained by
inverse Fourier transforming the experimentally recon-
structed analytic signal), and again we see outstanding
agreement. In particular, it is remarkable that the de-
tection scheme in the CW THZ spectroscopy experiment
and experimental imperfections do not impact the in-
terrogated signal of the system according to Eq. (3).
We must note that, in general, standing waves present in
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FIG. 3. Measured (black dots) and fitted (red solid line) pho-
tocurrent according to Eq. (3). (b) and (c) compare the
envelopes and phase profiles of the frequency response func-
tion calculated from the Hilbert transformation applied to the
photocurrent and the fit, respectively. (d) Shows the corre-
sponding envelopes of the time response.
the setup, a frequency-dependent performance of the em-
ployed THz emitter/detector, and a frequency-dependent
optical path length L (oscillation frequency), render fit-
ting of the photocurrent with an analytical model imprac-
tical as well as inaccurate. The Hilbert transformation
is unaffected by such issues, and therefore offers a su-
perior method in general compared to analytical fitting.
Furthermore, using Hilbert transformation, any devia-
tions are readily eliminated by evaluating the frequency
response of an investigated sample compared to the fre-
quency response of an appropriate reference scan, as is
common for THz spectroscopy.
The WGMR example considered above is a special case
for which the functional form of the frequency response
is known [cf. Eq. (3)]. To highlight the versatility of
the Hilbert transformation approach, we now consider
two scenarios where the functional form of the frequency
response function S˜(ω) is not known. Specifically, we
use COMSOL Multiphysics R© to numerically extract the
complex frequency response of a photonic crystal waveg-
uide and a split-ring resonator metamaterial, and subse-
quently generate mock photocurrent data by multiplying
the appropriate simulated frequency response function
with Eq. (4). For demonstration purposes, the oscilla-
tion period of the photocurrent has been chosen to be
significantly higher than the FWHM of the resonances.
We first consider a PCCW [36] implemented as a
single-mode silicon waveguide with a periodic sequence
of eight air holes along the direction of propagation. For
simplicity, silicon with a refractive index of 3.416 is as-
sumed to be lossless [29]. Figure 4(b) shows the gener-
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FIG. 4. (a) Resonant cavity mode in the PCCW (|E|2) at
370 GHz. The silicon waveguide and the air holes are indi-
cated with the black solid lines and circles, respectively. The
width of the silicon waveguide is 240µm, and the radius of
the air holes is 72µm. (b) Generated mock photocurrent, and
(c) the corresponding envelope of the time response extracted
with Hilbert transformation (black circles) and the absolute
value of the complex mock data (red solid lines). (d) and
(e) show the envelope and phase of the frequency response
function, respectively.
ated mock photocurrent of the PCCW, using the sim-
ulated frequency response function. We can clearly ob-
serve a resonant cavity mode at a frequency of about
370 GHz. The oscillation period of the photocurrent was
here chosen to be 3 GHz, which is about six times larger
than the amplitude FWHM of the resonant cavity mode.
As shown in Fig. 4(c), the time response Eout(t) is a
causal signal. Accordingly, applying the Hilbert trans-
formation on the mock photocurrent allows for the full
reconstruction of the time [Fig. 4(c)] and frequency [Fig.
4(d) and (e)] response functions of the system.
Finally, we apply the same numerical procedure to a
planar SRR in a periodic array. The metamaterial is de-
signed to operate as a narrow bandpass filter at 460 GHz.
A unit cell of the metamaterial is modeled using periodic
boundary conditions. The SRR is patterned in a sheet
of perfect electric conductor (PEC) on top of a lossless
20µm thick PTFE sheet. The spatial profile of a reso-
nant mode at 460 GHz is shown in Fig. 5(a).
The mock photocurrent with an oscillation period of
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FIG. 5. (a) Resonant mode (|E|2) of the SRR at 460 GHz.
The SRR is indicated with the black solid lines. The outer
radius of the ring is 50µm, the width is 15µm and the gap is
10µm wide. (b) Generated mock photocurrent, and (c) the
corresponding envelope of the time response extracted with
Hilbert transformation (black circles) and the absolute value
of the complex mock data (red solid lines). (d) and (e) show
the envelope and phase of the frequency response function,
respectively.
215 GHz, which corresponds to about nine times the am-
plitude FWHM of the resonant mode is shown in Fig.
5(b). Please note that the mock photocurrent is gener-
ated assuming a reflection measurement, and not trans-
mission as for the PCCW above. The envelopes of the
time responses obtained from the simulated frequency
response and from the Hilbert transformation applied to
the mock photocurrent are shown in Fig. 5(c), confirm-
ing the causality of the system. Again, a perfect agree-
ment between the envelope [Fig. 5(d)] and instantaneous
phase [Fig. 5(e)] extracted with Hilbert transformation
(black circles) and the absolute value of the simulated
frequency response function (red solid line) is observed.
Interestingly, a very similar envelope and phase profiles
have been previously experimentally observed for more
sophisticated split ring resonators [22, 23, 37].
We have shown that, in the context of coherent CW
THz spectroscopy, Hilbert transformation enables full
frequency response analysis of physical linear systems
regardless of the widths of the resonance features un-
5der study. This observation appears to be in contrast to
the general conception that the Hilbert transformation is
only applicable to signals with a slowly varying envelope
compared to the underlying oscillation period. However,
because the photocurrent measured in typical CW THz
spectroscopy experiments is the real part of an analyti-
cal signal, Hilbert transformation is applicable regardless
of the oscillation period and the specific modulation of
the photocurrent. Ultimately, our results show that the
unrestricted applicability of the Hilbert transformation
ensues from the causality of the investigated linear sys-
tems. The presented results provide extremely powerful
tools for CW THz spectroscopy, in particular for sys-
tems with narrow resonance features. More generally,
our work highlights how concepts from linear systems’
theory and complex functions can enable breakthrough
advances in contemporary technologies.
M. Erkintalo acknowledges support from the Ruther-
ford Discovery Fellowships of the Royal Society of New
Zealand.
∗ d.vogt@auckland.ac.nz
[1] Y.-W. Liu, in Fourier Transform Applications (InTech,
2012).
[2] D.-Y. Kong, X.-J. Wu, B. Wang, Y. Gao, J. Dai,
L. Wang, C.-J. Ruan, and J.-G. Miao, Opt. Express
26, 17964 (2018).
[3] C. Hepp, S. Lu¨ttjohann, A. Roggenbuck, A. Deninger,
S. Nellen, T. Go¨bel, M. Jo¨rger, and R. Harig, in Infrared,
Millimeter, and Terahertz waves (IRMMW-THz), 2016
41st International Conference on (IEEE, 2016) pp. 1–2.
[4] D. W. Vogt and R. Leonhardt, APL Photonics 3, 051702
(2018).
[5] G. Mouret, S. Matton, R. Bocquet, D. Bigourd, F. Hin-
dle, A. Cuisset, J. Lampin, and D. Lippens, Appl. Phys.
Lett. 88, 181105 (2006).
[6] M. Tonouchi, Nat. Photonics 1, 97 (2007).
[7] D. Bigourd, A. Cuisset, F. Hindle, S. Matton, E. Fertein,
R. Bocquet, and G. Mouret, Opt. Lett. 31, 2356 (2006).
[8] B. Ferguson and X.-C. Zhang, Nat. Mater. 1, 26 (2002).
[9] H.-B. Liu, H. Zhong, N. Karpowicz, Y. Chen, and X.-C.
Zhang, Proceedings of the IEEE 95, 1514 (2007).
[10] D. Mittleman, Sensing with terahertz radiation, Vol. 85
(Springer, 2013).
[11] A. Roggenbuck, H. Schmitz, A. Deninger, I. C. Mayorga,
J. Hemberger, R. Gu¨sten, and M. Gru¨ninger, New J.
Phys. 12, 043017 (2010).
[12] S. L. Dexheimer, Terahertz spectroscopy: principles and
applications (CRC press, 2007).
[13] P. H. Siegel, IEEE Trans. Microw. Theory Tech. 52, 2438
(2004).
[14] C. Jansen, S. Wietzke, O. Peters, M. Scheller, N. Vieweg,
M. Salhi, N. Krumbholz, C. Jo¨rdens, T. Hochrein, and
M. Koch, Appl. Opt. 49, E48 (2010).
[15] Y.-S. Lee, Principles of terahertz science and technology,
Vol. 170 (Springer Science & Business Media, 2009).
[16] N. Karpowicz, H. Zhong, J. Xu, K.-I. Lin, J.-S. Hwang,
and X. Zhang, Semicond. Sci. Technol 20, S293 (2005).
[17] D. W. Vogt and R. Leonhardt, Opt. Express 25, 16860
(2017).
[18] M. Xiao, D.-Y. KONG, B. Quan, K. Chen, C. Ruan, and
X. Wu, in International Symposium on Ultrafast Phe-
nomena and Terahertz Waves (Optical Society of Amer-
ica, 2018) p. TuK36.
[19] C. M. Yee and M. S. Sherwin, Appl. Phys. Lett. 94,
154104 (2009).
[20] A. Bingham and D. Grischkowsky, Opt. Lett. 33, 348
(2008).
[21] T. Chen, P. Liu, J. Liu, and Z. Hong, Appl. Phys. B
115, 105 (2014).
[22] H.-T. Chen, W. J. Padilla, M. J. Cich, A. K. Azad, R. D.
Averitt, and A. J. Taylor, Nat. Photonics 3, 148 (2009).
[23] H.-T. Chen, W. J. Padilla, J. M. Zide, A. C. Gossard,
A. J. Taylor, and R. D. Averitt, Nature 444, 597 (2006).
[24] M. Choi, S. H. Lee, Y. Kim, S. B. Kang, J. Shin, M. H.
Kwak, K.-Y. Kang, Y.-H. Lee, N. Park, and B. Min,
Nature 470, 369 (2011).
[25] H. Tao, C. M. Bingham, A. C. Strikwerda, D. Pi-
lon, D. Shrekenhamer, N. I. Landy, K. Fan, X. Zhang,
W. J. Padilla, and R. D. Averitt, Phys. Rev. B 78,
241103 (2008).
[26] S. D. Stearns and N. Ahmed, IEEE Transactions on Sys-
tems, Man, and Cybernetics 724 (1976).
[27] Note that in the physics context Hilbert transformation
is known as the Kramers-Kronig relation, and is closely
related to concepts of single-sideband modulation.
[28] D. W. Vogt and R. Leonhardt, Optica 4, 809 (2017).
[29] D. W. Vogt, A. H. Jones, and R. Leonhardt, Appl. Phys.
Lett. 113, 011101 (2018).
[30] S. Preu, H. G. L. Schwefel, S. Malzer, G. H. Do¨hler,
L. J. Wang, M. Hanson, J. D. Zimmerman, and A. C.
Gossard, Opt. Express 16, 7336 (2008).
[31] J. Xie, X. Zhu, X. Zang, Q. Cheng, L. Chen, and Y. Zhu,
Opt. Mater. Express 8, 50 (2018).
[32] M. L. Gorodetsky and V. S. Ilchenko, J. Opt. Soc. Am.
B 16, 147 (1999).
[33] A. Roggenbuck, H. Schmitz, A. Deninger, I. C. Mayorga,
J. Hemberger, R. Gsten, and M. Grninger, New J. Phys.
12, 043017 (2010).
[34] D. Armani, T. Kippenberg, S. Spillane, and K. Vahala,
Nature 421, 925 (2003).
[35] A. J. Deninger, A. Roggenbuck, S. Schindler, and
S. Preu, J. Infrared Millim. Terahertz Waves 36, 269
(2015).
[36] J. D. Joannopoulos, S. G. Johnson, J. N. Winn, and
R. D. Meade, Photonic crystals: molding the flow of light
(Princeton university press, 2011).
[37] I. A. I. Al-Naib, C. Jansen, N. Born, and M. Koch, in
35th International Conference on Infrared, Millimeter,
and Terahertz Waves (2010) pp. 1–2.
